Primordial black holes, zero-point energy and the CMB: The cosmic
  connection by Zeynizadeh, S. & Nouri-Zonoz, M.
ar
X
iv
:1
21
2.
67
70
v3
  [
gr
-q
c] 
 4 
Ju
n 2
01
4
Primordial black holes, zero-point energy and the CMB: The
cosmic connection
S. Zeynizadeh1, 2, ∗ and M. Nouri-Zonoz3, †
1Department of Physics, Sharif University of Technology P.O. Box 11365-9161, Tehran, Iran
2School of physics, Institute for Research in Fundamental
Sciences (IPM) P.O. Box 19395-5531, Tehran, Iran
3Department of Physics, University of Tehran,
North Karegar Ave., P.O. Box 14395-547, Tehran, Iran.
(Dated: November 11, 2018)
Abstract
We propose a possible resolution to the cosmological constant problem through a scenario in
which the universe is composed of three components: matter, radiation (CMB) and vacuum energy
such that vacuum energy is not constant and is decaying into the matter component. Matter in this
scenario consists of baryonic matter and primordial black holes (PBHs) as the dark matter. Local
equilibrium condition between PBHs and CMB confines the mass and the radius of PBHs. The
mechanism accounting for the decaying process is nothing but the absorption of vacuum energy
modes by the PBHs up to a wavelength of the order of their radius. Acting as a natural cut-off on
the wavelength of vacuum energy modes, this leads to the observed value for the vacuum energy
density.
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I. INTRODUCTION
One of the most fundamental problems in theoretical physics is the so called cosmological
constant problem, which is formulated at the interface of cosmology and quantum field
theory [1]. An interesting approach towards a possible resolution of this problem is the
introduction of a decaying cosmological term instead of a constant one. This term, identified
with vacuum energy density in Friedmann equations, is taken not to be a constant and decays
into other components of the energy-momentum content of the universe namely dark matter
or radiation [2, 3]. None of the models based on decaying vacuum energy, presented as yet,
are totally satisfactory either due to the lack of a consistent mechanism or because of their
inconsistency with the observational data [3] and that is why it is generally being discussed
from phenomenological point of view [4].
In the present essay we are going to introduce a consistent mechanism for the above
mentioned decay by choosing a physically motivated cut-off frequency for the vacuum energy
modes of an effective scalar field. In our scenario it is assumed that the energy-momentum
content of the universe consists of three components, matter, radiation and vacuum energy
of the above mentioned effective scalar field. Material part is composed of baryonic matter
as the visible sector and primordial black holes (PBHs) as the dark sector [5–7] and the
radiation is composed of cosmic microwave background (CMB) photons. Vacuum energy
is given by the ground state energy of the effective scalar field modes integrated over all
wavelengths from Hubble length as IR cut-off to Planck length as UV cut-off [8, 9]. Planck
length as the UV cut-off gives rise to a vacuum energy density which is about 121 orders of
magnitude larger than the observed value. Therefore one needs a physically motivated UV
cut-off to arrive at the observed value for the vacuum energy density. In our scenario the
mechanism inducing such a cut-off is based on the following three assumptions:
1-There are PBHs in the universe distributed homogeneously and isotropically at the
large scale.
2-Mass of these black holes is determined by their local thermal equilibrium (LTE) with
the CMB.
3-Radius of these PBHs is a natural cut-off wavelength for the vacuum energy density,
i.e only those modes of vacuum survive whose wavelengths are larger than the radius of the
PBHs and the shorter wavelength modes are eaten up by the PBHs.
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Obviously by calling them assumptions, each one of them could be questioned on differ-
ent grounds including observational and theoretical constraints, but none of them pose a
contradiction with the well stablished facts in the standard cosmology.
II. ORDER OF MAGNITUDE CALCULATION
To examine the feasibility of the above proposed mechanism, an order of magnitude
calculations for the vacuum energy density could be carried out as follows : local equilibrium
condition between PBHs with temperature TPBH =
1
8piGM
and radius of horizon rH = 2GM
on the one hand and CMB with temperature TCMB = 2.347× 10−4eV on the other hand i.e.
TPBH = TCMB, leads to rH ≃ 339 eV−1. Consequently the radius of PBH determines the
cut-off wavelength i.e. λc ∼ rH and thereby kc = 2piλc = 2pirH =
pi
GM
≃ 1.85×10−2 eV. Inserting
kc in the expression for vacuum energy density of a massless scalar field we end up with
ρv =
1
16pi2
k4c ≃ 74.6× 10−11eV4 (1)
which is fairly close to the observed critical density ρc ≃ 3.96× 10−11eV4 [10]. Mass of such
PBHs would be about 1026 gr which is still inside the mass window assigned to them through
different observational constraints in scenarios with PBHs as dark matter candidates [11–13].
III. THE FULL SCENARIO
In the previous section, in our order of magnitude calculation, we implicitly inferred
ρv ∝ T 4PBH as an estimate of the vacuum energy density but it should be noted that the
relation used for the black hole temperature, TPBH =
1
8piGM
, is only valid at infinity since
it represents the temperature of a black hole of Mass M as measured by an observer at
infinity. Since the equilibrium condition between CMB and the PBHs is employed at some
point outside the black hole in the vicinity of its horizon, in a more complete scenario the
following relation for the temperature of the black hole in an arbitrary distance r from its
center [14]
T (r) =
1
8piGM
(
1− 2GM
r
)− 1
2
. (2)
should be used. The above equation is a cubic equation for M in terms of T and r which
means that the relation between T and M is not unique. Now assuming r ≥ 0 and T ≥ 0
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and provided rT ≥
√
27
8pi
, one can solve the above equation for M to obtain the following two
approximate solutions [14]
M1 ≃ 1
2G
r
(
1− 1
(4pirT )2
)
, (3)
M2 ≃ 1
8piGT
(
1 +
1
8pirT
)
. (4)
One can consider the system (CMB + PBH) as a canonical ensemble, assuming there exists
a thermal bath of radius r and temperature T with which the black hole is in local thermal
equilibrium. Such a system can be in a stable equilibrium state if its heat capacity is
positive. The heat capacity is defined by C ≡ ∂E
∂T
, thus one needs to calculate E, the total
thermodynamical energy of the system, which can be obtained by employing the Euclidean
action. In fact E is given by E = −∂lnZ
∂β
, where Z is the partition function of the theory
and β is the inverse temperature. In saddle point approximation, lnZ ≃ −SE where SE is
the Euclidean action and so for the energy we have [14]
E =
(
∂SE
∂β
)
r
= r − r
(
1− 2GM
r
)− 1
2
, (5)
Cr =
(
∂E
∂T
)
r
= 8piM2
(
1− 2GM
r
)(
3GM
r
− 1
)−1
. (6)
As we can see from the above equation Cr would be positive if 2GM < r < 3GM . This
condition is the necessary but not the sufficient condition to have a positive heat capacity.
To find out which one of the solutions M1 and M2 leads to positive heat capacity we have
Cr
∣∣∣∣
M=M1
=
(
∂E(M1, r)
∂T
)
r
=
(
∂E(M1, r)
∂M1
)
r
(
∂M1
∂T
)
r
(7)
=
1√
1− 2GM1
r
1
(4pi)2GrT 3
> 0
and
Cr
∣∣∣∣
M=M2
=
(
∂E(M2, r)
∂T
)
r
=
(
∂E(M2, r)
∂M2
)
r
(
∂M2
∂T
)
r
(8)
=
1√
1− 2GM2
r
(
− 1
8piGT 2
− 2
(8pi)2GrT 3
)
< 0.
So by the above argument it is only theM1 solution which could be in stable equilibrium with
the thermal bath enclosing the black hole. Therefore if we pick M1 as the black hole mass
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and assume that the surface of the spherical thermal bath (radius r) is located somewhere
between r = 2GM1 and r = 3GM1, then the system (black hole and thermal bath) will be
in stable local thermal equilibrium. Hereafter we drop the index of M1 for convenience.
Now, through our scenario, we identify the CMB as the above mentioned thermal bath.
This identification fixes the temperature of the black hole but not the radius of the spherical
thermal bath, i.e knowing the BH temperature does not fix its mass. This is also obvious
from the expression (3) in which by setting T = TCMB, the black hole mass would still depend
on r. Therefore for a black hole in thermal equilibrium with the CMB, there would be an
infinite number of possible values for its mass. Setting r = xGM in (3), where x ∈ (2, 3),
we have
M =
1
4piGT
√
x2 − 2x, (9)
where T is the CMB temperature (Its index is dropped for convenience and hereafter T
indicates the CMB temperature). The mass M varies between two boundary values
M =


∞ x = 2
1
4piGT
√
3
≃ 2.9× 1058eV for T = 2.7 K x = 3
(10)
As a result, in the equilibrium state with a given temperature, spectrum of the BH mass
has a lower bound but no upper bound.
IV. DYNAMICS OF VACUUM ENERGY
In the above mentioned scenario, the PBHs are supposed to be some sort of absorbers
which absorb vacuum fluctuations with wavelengths smaller than the radius of the PBHs.
This absorption induces a natural IR cutoff (λc = rH) on the wavelengths of vacuum fluc-
tuations or equivalently a UV cutoff on their momenta. Hence we can write
ρv =
k4c
16pi2
=
pi2
λ4c
=
pi2
r4H
=
pi2
16G4
1
M4
(11)
If we interpret vacuum energy density as the dark energy density i.e. ρΛ ≡ ρv, we have
ρΛ =
pi2
16G4
1
M4
. (12)
Substituting (10) in the above equation, spectrum of M leads to the following spectrum for
ρΛ,
ρΛ =


0 x = 2
144pi6T 4 ≃ 42× 10−11 eV4 for T = 2.7 K x = 3
(13)
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Since the PBHs in our model are taken as the dark matter candidates, equation (12) in
principle represents a relationship/coupling between dark matter (PBHs of mass M) and
dark energy (with density ρΛ) components of the Universe and this in turn could lead to a
resolution of the cosmic coincidence problem [15]. In order to determine the time evolution
of ρΛ we need to know the dynamics of M in the course of the Universe’s evolution. In (9),
T is the temperature of the CMB and is given by T = T0a
−1 where a is the scale factor in
the FLRW metric and the index 0 indicates the present value of the CMB temperature. If
we assume that x in (9) is a constant, then we will have M ∼ 1
T
implying that ρΛ ∼ T 4
which is an unacceptable result. Therefore we restrict ourselves to the case in which x is a
function of the scale factor, i.e x = x(a). Consequently, M will be an arbitrary function of
a. In order to determine functionality of M(a), we can use the energy conservation law
ρ˙+ 3H(ρ+ p) = 0, (14)
where
ρ = ρm + ρb + ργ + ρΛ, p = pm + pb + pγ + pΛ, (15)
and
pm = pb = 0, pγ =
1
3
ργ , pΛ = wΛρΛ, (16)
in which ρm =Mn is the dark matter density, n is the number density of PBHs, ρb = ρ0ba
−3
is the baryonic energy density, ργ =
pi2
15
T 4 is the energy density of CMB and wΛ ≃ −1. Now
assuming that the total number of PBHs is conserved, we have
n˙ + 3Hn = 0, (17)
implying that n = n0a
−3. Substituting (15), (16) and (17 ) in Eq.(14) leads to
M˙n + ρ˙Λ + 3(1 + wΛ)HρΛ = 0. (18)
Taking into account that ρΛ is a function of M and by defining M
′ = dM
da
, (18) becomes
M ′
(
n +
dρΛ
dM
)
+
3
a
(1 + wΛ)ρΛ = 0, (19)
again using (17) and (12), we obtain
M ′
(
n0a
−3 − pi
2
4G4M5
)
+
3
a
(1 + wΛ)
1
16G4M4
= 0. (20)
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This equation is very sensitive to the value of wΛ such that if it is chosen to be −1, the
above differential equation will reduce to an algebraic equation, while a very small deviation
from −1 leads to a very different behavior in comparison to the solution of that algebraic
equation. Thus we consider the two different cases wΛ = −1 and wΛ 6= −1 separately.
A. Case I: wΛ = −1
In this case, equation in (20) reduces to
M ′ = 0 or n0a
−3 − pi
2
4G4M5
= 0 (21)
M ′ = 0 leads to M = constant, which is not an interesting case but the second equation
gives
M(a) =
(
pi2
4G4n0
) 1
5
a
3
5 . (22)
Using this solution in ρm =Mn and (12), results in
ρm = n
4
5
0
(
pi2
4G4
) 1
5
a−
12
5 , (23)
ρΛ =
1
4
n
4
5
0
(
pi2
4G4
) 1
5
a−
12
5 . (24)
As pointed out earlier, in this scenario the matter component couples to the dark energy
component through equation (12) and this coupling gives a possible resolution to the coin-
cidence problem. This issue could be seen very clearly by inspection of equations (23) and
(24) from which ρΛ =
1
4
ρm.
B. Case II: wΛ 6= −1
In this case, differential equation in (20) should be solved numerically for which we need
one boundary condition and also the numerical value for the n0. Using the present values
of ρ0m = 0.22ρc and ρ0Λ = 0.72ρc and substituting them into (12) and also in ρ0m = M0n0,
we end up with,
M0 = 5.7× 1058eV, n0 = 1.5× 10−70eV3. (25)
As an example we have solved the differential equation (20) for wΛ = −0.99, the result of
which is plotted in Fig. 1. Having found the functionality of M(a), the behavior of matter
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FIG. 1:
M(a)
M0
in terms of a for wΛ = −0.99.
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FIG. 2: 2ρΛ(dashed curve) and ρm(solid curve) in terms of a.
density and dark energy density could also be obtained. The results of which are depicted
in Fig. 2. In a Universe dominated by matter and dark energy (with an equation of state
with w ≃ −1), there is a transition point from deceleration to acceleration at ρm ≃ 2ρΛ. To
find this transition point in our scenario, in Fig. 2 we plotted 2ρΛ against ρm which shows
that this transition can happen around a ≃ 0.54 which is close to the value predicted by the
ΛCDM model [16]
As seen from Fig. 2, for a . 0.42, behavior of ρΛ is the same as that of matter density
as it happenes in the wΛ = −1 case. For a & 0.42, ρΛ is nearly constant and such a
behavior is related to the deviation of wΛ from −1 and is totally different from that of ρΛ
in the wΛ = −1 case. It is the slow variation of ρΛ for a & 0.42 that allows transition
from deceleration to acceleration. Now the question may arise how a small deviation from
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FIG. 3: Evolution of dark energy density for several values of wΛ
.
wΛ = −1 is possible?. In fact, this deviation can happen due to the introduction of the
interaction terms in the original Lagrangian of the scalar field and also due to the effects of
time-dependent curved background. Fig. 3 shows the evolution of ρΛ for several values of
wΛ, all of which approaching the same value at the present epoch. Also, as could be seen,
the more wΛ is closer to −1, the more ρΛ gets close to a constant value after a ≈ 0.42 but
it switches smoothly to a nearly constant evolution when deviation from −1 is increased.
V. CONCLUDING REMARKS
In the present article, we have introduced a scenario in order to obtain a finite zero-
point energy density for an effective scalar field as the dark energy density. The energy
density is found to be of the same order as the measured value through different cosmological
observations. We showed that PBHs with an appropriate absorption cross section can restrict
the modes of the vacuum by absorbing those modes whose wavelengths are smaller than the
radius of PBHs. The appropriate absorption cross section was obtained by imposing the
local equilibrium condition between CMB and PBHs. For establishing such an equilibrium
we have employed York’s approach [14] which shows that in contrast to a black hole in
an empty space which can not be in stable equilibrium, the same black hole can be in
stable equilibrium if it is surrounded by a radiation (in our scenario CMB) as a spherical
thermal bath covering the black hole to a given radius from its center[17, 18]. Absorption
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of vacuum mode by the PBH increases PBH’s mass and this in turn gives rise to a decrease
of the vacuum energy density of a scalar field which was considered as the dark energy
candidate. In this way we have introduced a variable dark energy term which is coupled to
the dark matter component and through this coupling the same scenarion was also capable
of resolving the so called cosmological coincidence problem.
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